Abstract -Let G be a finite group. A vanishing element of G is an element g ∈ G such that χ(g) = 0 for some irreducible complex character χ of G. Denote by Vo(G) the set of the orders of vanishing elements of G. In this paper, we prove that if G is a finite group such that Vo(G) = Vo(M ) and 
Introduction
Let G be a finite group. A vanishing element of G is an element g ∈ G such that χ(g) = 0 for some irreducible complex character χ of G. We will denote by Van(G) the set of vanishing elements of G and by Vo(G) the set of the orders of elements in Van(G) . According to [3] and [14] , we know that the set Vo(G) can release some information about the structure of a finite group G. For instance, Theorem C of [15] as a strengthening of (Corollary 3, [14] ) states that if p is a prime divisor of |G| and G does not have any vanishing element of order divisible by p, then G has a normal Sylow p-subgroup. It is also shown in [37] that if G is a finite group such that Vo(G) = Vo(A 5 ), then G ∼ = A 5 , i.e., the alternating group A 5 is characterizable by the set of orders of vanishing elements. According to this result, one may ask the following question:
Are all finite nonabelian simple groups characterizable by the set of orders of vanishing elements?
The answer to this question is not affirmative in general. For example, for the simple linear group L 3 (5), we have Vo(L 3 (5)) = Vo(Aut(L 3 (5)) but L 3 (5) ̸ ∼ = Aut(L 3 (5)) because |L 3 (5)| ̸ = |Aut(L 3 (5))|. Therefore, in [17] , the following conjecture was put forward:
Conjecture. Let G be a finite group and let M be a finite nonabelian simple group. If Vo(G) = Vo(M ) and |G| = |M |, then G ∼ = M . Also, in [17] , an affirmative answer was given to this conjecture for the simple groups L 2 (q), where q ∈ {5, 7, 8, 9, 17}, L 3 (4), A 7 , Sz (8) and Sz (32) . In this paper, we first prove that the conjecture is confirmed for all sporadic simple groups, the alternating groups and projective special linear group L 2 (p), where p is an odd prime. So, we have the following result:
Theorem A. Let G be a finite group and M be a sporadic simple group, an alternating group or a projective special linear group L 2 (p), where p is an odd prime. If |G| = |M | and Vo(G) = Vo(M ), then G ∼ = M .
The finite simple group G is called a K n -group if its order has exactly n distinct prime divisors, where n ∈ N. The following lemma determines all K n -groups, where n ∈ {3, 4}: Lemma 1.1. [4] , [18] , [31] , [36] Let G be a finite simple K n -group.
(1) If n = 3, then G is isomorphic to one of the following groups:
(2) If n = 4, then G is isomorphic to one of the following groups:
, where r is a prime, A new characterization of some families of finite simple groups
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As a second result of this paper, we show the validity of the conjecture for the groups listed in Lemma 1.1. In fact, we have the following result: Theorem B. Let G be a finite group and let M be a simple K 3 -group or a simple
Throughout this paper, we use the following notation. Let G be a finite group, p be a prime number and m be a positive integer. The number of Sylow p-subgroups of G is denoted by n p (G). Also, Syl p (G) denotes the set of all Sylow p-subgroups of G. The notation p m ∥ |G| means that p m divides |G| but p m+1 does not divide |G|. Also, by ω(G) we denote the set of orders of elements of group G. All further notation is standard and can be found in [12] , for instance.
Preliminaries
One of the main keys for the proof of our results is a result by Dolfi, et al. in [15] on the vanishing prime graph of a finite group and its relationship with the Gruenberg-Kegel graph. For this reason, we will recall the required definitions in the following.
Given a finite set of positive integers X, the prime graph Π(X) is defined as the simple undirected graph whose vertices are the primes p such that there exists an element of X divisible by p, and two distinct vertices p, q are adjacent if and only if there exists an element of X divisible by pq. For a finite group G, the graph Π(ω(G)), which we denote by GK(G) is also known as the Gruenberg-Kegel graph of G. Also, the prime graph Π(Vo(G)), which in this paper we denote by Γ(G), is called the vanishing prime graph of G.
We denote by t(G) the number of connected components of GK(G) and by π i (G), i = 1, 2, · · · , t(G), the ith connected component of GK (G) . If the order of G is even, we set 2 ∈ π 1 (G). We also, denote by π(n) the set of all primes dividing n, where n is a natural number. Now |G| can be expressed as the product of m 1 , m 2 A 2-Frobenius group is a group G that has proper normal subgroups K and L such that L is a Frobenius group with kernel K and G/K is a Frobenius group with kernel L/K. The following lemma determines the structure of the finite group with disconnected Gruenberg-Kegel graph:
(1) G is either a Frobenius group or a 2-Frobenius group. 
A group G is said to be a nearly 2-Frobenius group if there exist two normal subgroups F and L of G with the following properties: [16] , [24] (
solvable Frobenius group with Frobenius kernel F and Frobenius complement H, then either GK(G) = Γ(G) or Γ(G) coincides with the connected component of GK(G) with vertex set π(|H|). (3) If G is a solvable group, then Γ(G) has at most two connected components. Moreover, if Γ(G) is disconnected, then G is either a Frobenius group or a nearly 2-Frobenius group. (4) Let G be a solvable group with a Fitting subgroup F (G). If x is a nonvanishing element of
Proof. (1) is Main Theorem of [29] . Also, according to [29] , there are 2-Frobenius groups U and W with OC(U ) = OC(U 4 (2)) and
and G is not a 2-Frobenius group, then by (Theorem 1, [29] ) and Lemma 2.1, G has a normal series 1
, H is nilpotent and K/H is a nonabelian simple group. Since |G| = 2 6 .3 4 .5, according to [34] ,
i , where i = 2 or 3. Since G does not have an element of order 15, we can conclude that G 5 acts fixed point freely on H 3 and hence, 5 | (
, and G is not a 2-Frobenius group, then a similar argument implies that G has a normal
. So, it is enough to replace the roles of 5 and 11 in the previous argument to get G ∼ = U 5 (2).
Let p be a prime number. Recall that a character χ in Irr(G) is said to be of 
Proof. According to Theorem 3 in [11] and the proof of Lemma 1 in [33] , the proof is straightforward.
Lemma 2.10 (Theorem 1, [2] ). Let G be a finite nonsolvable simple group whose order g is divisible by p > g
Main Results
The following general results play a role in the proof of Theorems A and B:
Lemma 3.1. Let G be a finite group and let S be a finite simple group with disconnected Gruenberg-Kegel graph such that S ̸ ∼ = A 7 and there exists 2 ≤ i ≤ t(S) such that for every p ∈ π i (S), we have p ∥ |S|. If Vo(G) = Vo(S) and |G| = |S|, then m i (S) ∈ OC(G). Particularly, the Gruenberg-Kegel graph of G is disconnected.
Proof. According to Lemma 2.4(1) and the fact that Vo(G) = Vo(S), we have Γ(G) = Γ(S) = GK(S). Since |G| = |S|, there exists 2 ≤ i ≤ t(S) such that for every p ∈ π i (S), we have p divides |G| and p 2 does not divide |G|. Suppose the assertion of the lemma is false. Thus there exists q ∈ π j (S), where 1 ≤ j ≤ t(S) and i ̸ = j, such that p and q are adjacent in GK(G). Since p | |S|, according to Lemma 2.6 and the fact that Vo(S) = Vo(G), we have p ∈ Vo(G). So G has an element g of order p such that χ(g) = 0 for some irreducible complex character χ of G. Now, Remark 2.7 implies that p divides χ (1) . Since p ∥ |S| and |S| = |G|, χ is an irreducible character of p-defect zero of G. Thus p and q are adjacent in Γ(G), which is a contradiction to the fact that Γ(G) = Γ(S) = GK(S).
According to the above lemma, we have the following corollary: 
OC(G) = OC(S).
Proof of Theorem A. The proof of Theorem A falls naturally into three parts: Part 1. Let M be a sporadic simple group. Then according to [32] , the GruenbergKegel graph components of M are shown in Table 1 and hence, M and G satisfy the conditions of Corollary 3.2. Thus according to [6] , we have G ∼ = M .
Part 2.
Let M = A n be an alternating group. If GK(G) is not connected, then according to Table 1 , one of the numbers n, n−1 or n−2 is prime. Thus Corollary 3.2 and [1] imply that G ∼ = M . So, to complete the proof, we should consider the case GK(G) is connected, i.e., n, n − 1 and n − 2 are not primes. We will prove the cases n = 10 and n ≥ 16, separately. 
{2, 3, 5} 13
{2, 3} 7 13 this is a contradiction to the fact that G has an irreducible character of 7-defect zero and 35 ̸ ∈ Vo(G).
Now from Lemma 2.9 we deduce that G has a normal series 1 ¢ H ¢ K ¢ G such that K/H is a nonabelian simple group, |G/K| | |Out(K/H)| and K/H ≤ G/H ≤ Aut(K/H). According to |G| and [34], K/H is one of the simple groups
A n , where n ∈ {5, 6, 7, 8, 9, 10}, (2) . In this case, we can easily see that |H| = 35k, where 35 and k are coprimes. Let P be a Sylow 7-subgroup H, then the Frattini argument implies that G = HN G (P ) and hence, 5 | |C G (P )|. Thus G has an element of order 35. But this is a contradiction to the fact that G has an irreducible character of 7-defect zero and 35 ̸ ∈ Vo(G).
Case 2. If 7 divides |K/H| and 5 divides |H|, then K/H is one of the simple groups
. Let P be a Sylow 5-subgroup H, then the Frattini argument implies that G = HN G (P ). Since 7 | |G/H|, 7 | |N G (P )|. Now we can see that 7 | |C G (P )|. Thus G has an element of order 35 and we can get a contradiction similar to Case 1. 10 . According to |G|, we can easily conclude that
Case 3. If 7 divides |K/H| and 5 does not divide |H|, then according to |Out(K/H)|,
K/H = J 2 , A 10 . Let K/H = AG ∼ = A 10 . Let K/H = J 2 .
Since |G/K| | |Out(K/H)| = 2 and |G|/|K/H| = 3, we
conclude that G is a central extension of a group of order 3 by J 2 . Also, according to the order of the Schur Multiplier of J 2 , we have this extension splits. Thus G = C 3 × J 2 , where C 3 is the cyclic group of order 3. It is easy to see that in this case 30 ∈ Vo(C 3 × J 2 ), which is a contradiction to the fact that 30 ̸ ∈ Vo(G).
• Let n ≥ 16 and r n be the largest prime not exceeding n. Since Remark 2.7 enables us to follow the proofs in [30] to conclude G ∼ = M , here we just mention the sketch of the proof in the following three steps:
Step 1. In this step, we prove that G has a normal series 1 ¢ H ¢ K ¢ G such that K/H is a nonabelian simple group and t n (1) | |K/H|. 
is embedded in the cyclic group of order p − 1. Since n ≥ 16, there is a prime q (q ̸ = p) such that q | t n (1). An easy calculation shows that q (p − 1) and 
Step 2. Let 16 ≤ n ≤ 82 and assume that n, n − 1 and n − 2 are not primes. According to step 1 and [34] , we can see that G has a normal series 1 (N 13 )/C G (N 13 )| | 12, we conclude that 13.19 ∈ ω(G). Now, Remark 2.7 implies that 13.19 ∈ Vo(G) = Vo(A 27 ), a contradiction.
Step 3. Let n ≥ 83 and n, n − 1 and n − 2 are not primes. According to step 1, G has a normal series 1 ¢ H ¢ K ¢ G such that K/H is a nonabelian simple group. Also, by Remark 2.7, we can easily follow (Lemma 2.1, [30] ) to prove that t n (6) | |K/H|. This is the main key to show that there exists a normal subgroup (Lemma 2.4, [30] ). Now, it is enough to show that n = m. If m ̸ = n, then we derive a contradiction. Let q be the largest prime factor of n!/m!. In (Theorem 2.1, [30] ), the following results are obtained:
(1) q ≥ 17 and q ≥ n − m + 3. , we can get a contradiction. If p | |H|, then the Frattini argument implies that G = N G (P )H, where P is a Sylow p-subgroup of H. Also, since for every k > 1, pk is not an element of Vo(G), we have C G (P ) = P . Thus G/H is isomorphic to a homomorphic image of N G (P )/P . But N G (P )/P is embedded in the cyclic group Aut(P ). Thus G/H is cyclic, which is a contradiction to the fact that G/H is not solvable. Therefore, p | |K/H| and according to |G| and Lemma 2.10, we have G ∼ = L 2 (p), as desired.
Proof of Theorem B. We have divided the proof of Theorem B into a sequence of cases: Case 1. Let M = S 6 (2). According to Table 1 and Corollary 3.2, we can see that OC(G) = OC(S 6 (2)). Thus Lemmas 2.1, 2.5, 2.9 imply that G has a normal series
According to [34] , K/H is isomorphic to one the following simple groups 
other hand, 5 is an isolated point in Γ(G), so ⟨x⟩ acts fixed point freely on P . Thus , which is impossible. If u = |H| and P ∈ Syl t (F ), then since F is nilpotent, we see that P ¢ G and hence, H acts fixed point freely on P . Thus,
